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Ëåêöèÿ 8. Ñêàëÿðíîå ïðîèçâåäåíèå

Âûøå áûëî îïðåäåëåíî ïðîèçâåäåíèå âåêòîðà íà ÷èñëî. Äàëåå ìû
îïðåäåëèì íåñêîëüêî îïåðàöèé óìíîæåíèÿ âåêòîðà íà âåêòîð.

Îïðåäåëåíèå 8.1. Ñêàëÿðíûì ïðîèçâåäåíèåì íåíóëåâûõ âåêòîðîâ a è
b íàçûâàåòñÿ ÷èñëî, ðàâíîå ïðîèçâåäåíèþ èõ ìîäóëåé íà êîñèíóñ óãëà
ìåæäó íèìè:

a · b = |a| · |b| · cosφ. (8.1)

Åñëè îäèí èç âåêòîðîâ a èëè b íóëåâîé, òî ñêàëÿðíîå ïðîèçâåäåíèå
a è b ïî îïðåäåëåíèþ ðàâíî íóëþ.

Çàìå÷àíèå 8.1. Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ a è b îáîçíà÷àåòñÿ
ëèáî öåíòðàëüíîé òî÷êîé ìåæäó âåêòîðàìè: a · b, ëèáî ñ ïîìîùüþ
êðóãëûõ ñêîáîê: (a, b).

Â ñîîòâåòñòâèè ñ ôîðìóëîé (7.4) Ïðab = |b| cosφ, ïîýòîìó ïîäñòà-
âèâ ýòî âûðàæåíèå â ôîðìóëó (8.1), ïîëó÷èì: a · b = |a| ·Ïðab, îòêóäà:

Ïðab =
a · b
|a|

. (8.2)

8.1. Ñâîéñòâà ñêàëÿðíîãî ïðîèçâåäåíèÿ

1. a · b = b · a (êîììóòàòèâíûé çàêîí)
Äåéñòâèòåëüíî: a · b = |a| · |b| · cosφ = |b| · |a| · cosφ = b · a.
2. λ(a · b) = (λa) · b = a · (λb) (àññîöèàòèâíûé çàêîí).
Äåéñòâèòåëüíî, íàïðèìåð, ïðè λ > 0: λ(a · b) = λ|a| · |b| · cosφ =

= |λa| · |b| · cosφ = (λa) · b. Îñòàëüíûå ñëó÷àè ðàññìàòðèâàþòñÿ àíàëî-
ãè÷íî.

3. a(b+ c) = a · b+ a · c (äèñòðèáóòèâíûé çàêîí).
Äåéñòâèòåëüíî, èñïîëüçóÿ ôîðìóëó (8.2) è ñâîéñòâà ïðîåêöèé, ïî-

ëó÷àåì: a(b+ c) = |a| ·Ïða(b+ c) = |a|(Ïðab+Ïðac) = |a| ·Ïðab+
+ |a| ·Ïðac = a · b+ a · c.

4. Äëÿ òîãî ÷òîáû äâà íåíóëåâûõ âåêòîðà áûëè ïåðïåíäèêóëÿðíû,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èõ ñêàëÿðíîå ïðîèçâåäåíèå ðàâíÿ-
ëîñü íóëþ:

a ⊥ b, |a| ̸= |0, |b| ̸= 0 ⇐⇒ a · b = 0. (8.3)
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Äåéñòâèòåëüíî, åñëè a ⊥ b, òî óãîë φ = (̂a; b) = 90◦ =⇒ cosφ = 0 è
a ·b = |a| · |b| ·cosφ = 0. Íàîáîðîò, åñëè a ·b = 0, òî |a| · |b| ·cosφ = 0 =⇒
îäèí èç ñîìíîæèòåëåé ðàâåí íóëþ. Òàê êàê |a| ̸= |0 è |b| ≠ 0, òî
cosφ = 0 =⇒ φ = 90◦ è a ⊥ b.

Çàìåòèì, ÷òî èç ôîðìóëû (8.1) ñëåäóåò, ÷òî: a · b > 0 ⇐⇒ (̂a; b) �

îñòðûé, a · b < 0 ⇐⇒ (̂a; b) � òóïîé.
5. Ñêàëÿðíûé êâàäðàò âåêòîðà ðàâåí êâàäðàòó åãî ìîäóëÿ:

a2 = |a|2. (8.4)

Äåéñòâèòåëüíî: a2 = a · a = |a| · |a| · cos 0◦ = |a|2. Èç ôîðìóëû (8.4)
ñëåäóåò, ÷òî

√
a2 = |a|. (8.5)

Ýòî ñïðàâåäëèâî è äëÿ äåéñòâèòåëüíûõ ÷èñåë:
√
x2 = |x|.

Ïðèìåð 8.1. Íàéòè (a− 2b)2, åñëè |a| = 1, |b| = 2, (̂a; b) = 60◦.

I(a− 2b)2 = a2 − 4a · b+ 4b
2
= |a|2 − 4|a| · |b| · cos 60◦ + 4|b|2 =

= 1− 4 · 1 · 2 · 1
2
+ 4 · 4 = 13. J

Îòâåò: (a− 2b)2 = 13.
Äëÿ ïîëó÷åíèÿ âûðàæåíèÿ äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ äâóõ âåê-

òîðîâ ÷åðåç èõ êîîðäèíàòû, çàìåòèì, ÷òî:

i
2
= j

2
= k

2
= 1, i · j = i · k = j · k = 0.

Ðàññìîòðèì äâà âåêòîðà

a = ax i+ ay j + az k, b = bx i+ by j + bz k.

Òîãäà,
a · b = (ax i+ ay j + az k) · (bx i+ by j + bz k) =

= ax bx i
2
+ ax by i · j + ax bz i · k+

+ay bx j · i+ ay by j
2
+ ay bz j · k+

+az bx k · i+ az by k · j + az bz k
2
=

= ax bx + ay by + az bz.

Îêîí÷àòåëüíî èìååì:

a · b = ax bx + ay by + az bz. (8.6)
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Ïðèìåð 8.2. Óñòàíîâèòü � îñòðûé èëè òóïîé óãîë ìåæäó âåêòî-
ðàìè a = (1; 0; 2) è b = (−2; 1; 3).

Ia · b = 1 · (−2) + 0 · 1 + 2 · 3 = 4 > 0 =⇒ óãîë (̂a; b) îñòðûé.J
Ó÷èòûâàÿ ôîðìóëó (8.6) è ñâîéñòâî 4 ñêàëÿðíîãî ïðîèçâåäåíèÿ,

ïîëó÷àåì, ÷òî äëÿ ïåðïåíäèêóëÿðíîñòè äâóõ âåêòîðîâ íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî:

ax · bx + ay · by + az · bz = 0. (8.7)

Ïðèìåð 8.3. Ïðè êàêîì çíà÷åíèè m âåêòîð a = (1;−3;m) áóäåò
ïåðïåíäèêóëÿðåí âåêòîðó b = (2; 1; 4)?

Ia ⊥ b ⇐⇒ a · b = 0 ⇒ 1 · 2 + (−3) · 1 + 4m = 0 ⇒ m =
1

4
. J

Îòâåò: a ⊥ b ïðè m =
1

4
.

Äëÿ ïîëó÷åíèÿ âûðàæåíèÿ äëÿ êîñèíóñà óãëà ìåæäó äâóìÿ íåíó-
ëåâûìè âåêòîðàìè ïîäñòàâèì âûðàæåíèÿ (8.6) è (7.11) â ôîðìóëó
(8.1). Ïîëó÷èì:

cosφ =
a · b

|a| · |b|
=

axbx + ayby + azbz√
a2x + a2y + a2z ·

√
b2x + b2y + b2z

. (8.8)

Çàìåòèì, ÷òî çíàê cosφ çàâèñèò òîëüêî îò çíàêà ÷èñëèòåëÿ äðîáè
(8.8), ò.å., êàê óæå îòìå÷àëîñü, ïåðïåíäèêóëÿðíîñòü âåêòîðîâ, îñòðûé
èëè òóïîé óãîë ìåæäó âåêòîðàìè � âñå ýòî îïðåäåëÿåòñÿ çíàêîì ñêà-
ëÿðíîãî ïðîèçâåäåíèÿ.

Ïðèìåð 8.4. Íàéòè óãîë ìåæäó âåêòîðàìè a = (1; 2; 3) è
b = (−2;−1;−1).

IÂ ñîîòâåòñòâèè ñ ôîðìóëîé (8.8):

cosφ =
1 · (−2) + 2 · (−1) + 3 · (−1)√

12 + 22 + 32 ·
√

(−2)2 + (−1)2 + (−1)2
=

−7√
14 ·

√
6
=

= − 7

2
√
21
.

Ïðèíöèïèàëüíî çàäà÷à ðåøåíà, ò.ê. óãîë ìåæäó âåêòîðàìè îäíî-
çíà÷íî îïðåäåëÿåòñÿ çíà÷åíèåì cosφ(0 ≤ φ ≤ π). Â äàííîì ñëó÷àå
óãîë òóïîé, ò.ê. cosφ < 0.

Ïðè íåîáõîäèìîñòè íàéòè ïðèáëèæ¼ííîå çíà÷åíèå φ ñ ïîìîùüþ
êàëüêóëÿòîðà, ïðîèçâîäèì ïðèáëèæ¼ííûå âû÷èñëåíèÿ:
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cosφ = − 7

2
√
21

≈ −0, 764 =⇒ φ ≈ 2, 44 ðàäèàí. J

Îòâåò: cosφ = − 7

2
√
21

, φ ≈ 2, 44 ðàäèàí.

Ïðèìåð 8.5. Â ïàðàëëåëîãðàììå ABCD òî÷êà O � ïåðåñå÷åíèå äèà-
ãîíàëåé AB = a, AD = b. (ðèñ. 17) Âûðàçèòå ÷åðåç ýòè âåêòîðû
ñëåäóþùèå: CD, CB, CO, BD.

ICD = −a, ò.ê. |CD| = |AB| = |a| è CD ↑↓ a; CB = −b àíà-

ëîãè÷íî; CO =
1

2
CA =

1

2
(−AC) = −1

2
(a + b), ò.ê. AC = a + b, à

òî÷êà O � ñåðåäèíà äèàãîíàëåé è CA = −AC; BD = BC + CD =
= AD + CD = b− a.J

O

B C

a

b DA
_

_

Ðèñ. 17. Ïðèìåð 8.5

Ïðèìåð 8.6. Â ∆ABC òî÷êà O � ïåðåñå÷åíèå ìåäèàí, AB = a, AC =
b (ðèñ. 18). Âûðàçèòå ÷åðåç âåêòîðû a è b ñëåäóþùèå âåêòîðû: BC,
AN , KO.

M

B

A C
K

A

O N
a

b

Ðèñ. 18. Ïðèìåð 8.6

IBC = BA+ AC = −a+ b = b− a.

AN = AB +BN = a+
1

2
BC = a+

1

2
(b− a) =

= a+
1

2
b− 1

2
a =

1

2
a+

1

2
b =

1

2
(a+ b).



Бе
рк

ов
 Н

.А
., 

 Р
ТУ

 - 
М

ИР
ЭА

, к
аф

ед
ра

 в
ыс

ш
ая

 м
ат

ем
ат

ик
а 

2

96 Ëåêöèÿ 8. Ñêàëÿðíîå ïðîèçâåäåíèå

Ýòîò æå ðåçóëüòàò ìîæíî ïîëó÷èòü äîñòðîèâ M ABC äî ïàðàëëå-

ëîãðàììà ABA′C, â êîòîðîì AN =
1

2
AA′ =

1

2
(a+ b).

Äëÿ íàõîæäåíèÿ KO íàïîìíèì, ÷òî ìåäèàíû â òî÷êå ïåðåñå÷åíèÿ äå-
ëÿòñÿ â îòíîøåíèè 2:1, ñ÷èòàÿ îò âåðøèíû. Ïîýòîìó

KO =
1

3
|KB|. KO =

1

3
KB =

1

3
(KA + AB) =

1

3
(−1

2
AC + a) =

=
1

3
(−1

2
b+ a) =

1

3
(a− 1

2
b) =

1

3
a− 1

6
b.J

Ñàìîñòîÿòåëüíî íàéäèòå âåêòîðû CN,BO, CO, OM .

Îòâåò: CN =
a− b

2
, BO =

b− 2a

3
, CO =

a− 2b

3
, OM =

a− 2b

6
.

Ïðèìåð 8.7. Â ïðàâèëüíîì øåñòèóãîëüíèêå òî÷êà O � ïåðåñå÷åíèå
äèàãîíàëåé, AB = a, AF = b. (ðèñ. 19) Ñàìîñòîÿòåëüíî âûðàçèòå
÷åðåç ýòè âåêòîðû ñëåäóþùèå: DE, OB, OC, AD, BC, CF . Ó÷òèòå
ïðè ýòîì, ÷òî âñå òðåóãîëüíèêè íà ðèñ. 19 � ïðàâèëüíûå.

A

b

a

F

C

E

B

D
O

_

_

Ðèñ. 19. Ïðèìåð 8.7

Îòâåò: DE = −a, OB = −b, OC = a, AD = 2(a+ b), BC = a+ b,
CF = −2a.

Ïðèìåð 8.8. Â ∆ABC CA = a, CB = b, òî÷êè M è N äåëÿò
ñòîðîíó AB íà òðè ðàâíûå ÷àñòè. Íàéäèòå âåêòîð CM (ðèñ. 20).

IAB = b− a, AM =
1

3
AB =

1

3
(b− a), CM = CA+ AM =

= a+
1

3
(b− a) =

2a+ b

3
. J

Ïðèìåð 8.9. Â ∆ABC AM � áèññåêòðèñà (ðèñ. 21), AB = b,
AC = c. Íàéäèòå âåêòîð AM .
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b

B

CA

M
N

a

Ðèñ. 20. Ïðèìåð 8.8

IÂñïîìíèì, ÷òî áèññåêòðèñà óãëà â òðåóãîëüíèêå äåëèò ïðîòèâî-
ïîëîæíóþ ñòîðîíó â îòíîøåíèè ïðèëåæàùèõ ñòîðîí:

|BM |
|MC|

=
|AB|
|AC|

=
|b|
|c|

⇒ |BM |
|BC|

=
|b|

|b|+ |c|
,

òàê êàê |BC| = |BM |+ |MC|.
Ñ ó÷¼òîì òîãî, ÷òî BC = c− b, ïîëó÷àåì:

BM =
|b|

|b|+ |c|
(c− b) ⇒,

⇒ AM = AB +BM = b+
|b|

|b|+ |c|
(c− b) =

|b| · c+ |c| · b
|b|+ |c|

.J

b

B

CA c

M

Ðèñ. 21. Ïðèìåð 8.9

Ïðèìåð 8.10. Äàíû ðàäèóñ-âåêòîðû âåðøèí ∆ABC: r1, r2, r3. Íàéòè
ðàäèóñ-âåêòîð r òî÷êè M � ïåðåñå÷åíèÿ ìåäèàí (ðèñ. 22, ãäå òî÷êà
O � íà÷àëî êîîðäèíàò).

IBC = r3 − r2, BD =
1

2
BC =

1

2
(r3 − r2) êàê ñåðåäèíà BC, AB =

r2 − r1, AD = BD + AB =
r3 − r2

2
+ r2 − r1 =

1

2
(r3 + r2 − 2r1), AM =
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r3

_
r1

_

r 2

_

r
_

M

B

A C

DO

Ðèñ. 22. Ïðèìåð 8.10

2

3
AD =

1

3
(r3 + r2 − 2r1) ⇒ r = OM = r1 + AM = r1 +

1

3
(r3 + r2 −

− 2r1) =
1

3
(r1 + r2 + r3). J

Ïðèìåð 8.11. Íàéäèòå äëèíó è íàïðàâëÿþùèå êîñèíóñû âåêòîðà
a = 3i+ 4j + 5k.

IÂ ñîîòâåòñòâèè ñ ôîðìóëàìè (7.11) è (7.16) ïîëó÷àåì:

|a| =
√
32 + 42 + 52 =

√
50 = 5

√
2,

cosα =
3

5
√
2
=

3
√
2

10
; cos β =

4
√
2

10
; cos γ =

5
√
2

10
. J

Ïðèìåð 8.12. Äîêàæèòå, ÷òî ABCD � òðàïåöèÿ, åñëè âåðøèíû
èìåþò êîîðäèíàòû: A(3; 2;−2), B(4; 4; 1), C(−1; 2; 0), D(−3;−2;−6).

IÑäåëàéòå ýòó çàäà÷ó ñàìîñòîÿòåëüíî, ïðîâåðèâ êîëëèíåàðíîñòü
îäíîé èç ïàð âåêòîðîâ íà ïðîòèâîïîëîæíûõ ñòîðîíàõ. Èñïîëüçóéòå
óñëîâèå êîëëèíåàðíîñòè âåêòîðîâ (7.19). J
Ïðèìåð 8.13. Íàéäèòå åäèíè÷íûé âåêòîð, ïðîòèâîíàïðàâëåííûé âåê-
òîðó a = i+ 3j − k.

I|a| =
√

12 + 32 + (−1)2 =
√
11. Â ñîîòâåòñòâèè ñ ôîðìóëîé (7.16)

åäèíè÷íûé âåêòîð òîãî æå íàïðàâëåíèÿ (ñîíàïðàâëåííûé) ñ âåêòîðîì
a èìååò êîîðäèíàòû:

ea =
a

|a|
=

1√
11

i+
3√
11

j − 1√
11

k.

Èñêîìûé åäèíè÷íûé âåêòîð ïðîòèâîíàïðàâëåííûé âåêòîðó a, ðà-
âåí −ea:

−ea = − 1√
11

i− 3√
11

j +
1√
11

k. J
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Ïðèìåð 8.14. Íàéäèòå ñêàëÿðíîå ïðîèçâåäåíèå a · b, åñëè
a = 2i− 3j + k, b = −i+ j + 3k.

IÏî ôîðìóëå (8.6) ïîëó÷àåì:
a · b = 2 · (−1) + (−3) · 1 + 1 · 3 = −2.

Ò.ê. a · b < 0, óãîë ìåæäó âåêòîðàìè a è b òóïîé. J
Ïðèìåð 8.15. Íàéäèòå ïðîåêöèþ ðàçíîñòè a−b íà îñü l, åñëè |a| = 2,
|b| = 1, óãëû âåêòîðîâ a è b ñ îñüþ l ðàâíû π/3 è π/4 ñîîòâåòñòâåííî.

IÏðla = |a| · cos(π/3) = 2 · (1/2) = 1,

Ïðlb = |b| · cos(π/4) =
√
2/2, Ïðl(a− b) = Ïðla− Ïðlb = 1−

√
2/2. J

Ïðèìåð 8.16. Ïðè êàêîì çíà÷åíèè ïàðàìåòðà m âåêòîðû a(2; 3; 5) è
b(−2; 1;m) ïåðïåíäèêóëÿðíû?

IÓñëîâèå ïåðïåíäèêóëÿðíîñòè äâóõ âåêòîðîâ äà¼òñÿ ôîðìóëîé (8.7):

a · b = 0 ⇒ 2 · (−2) + 3 · 1 + 5 ·m = 0 ⇒ m =
1

5
. J

Ïðèìåð 8.17. Íàéäèòå (3a − 2b) · (2a + 3b), åñëè |a| = 1, |b| = 2 è
a ⊥ b.

Ia ⊥ b ⇒ a · b = 0, a2 = |a|2 = 1, b
2
= |b|2 = 4, ïîýòîìó:

(3a− 2b)(2a+ 3b) = 6a2 − 6b
2
+ 9ab− 4ab = 6 · 1− 6 · 4 = −18. J

Ïðèìåð 8.18. Íàéäèòå óãîë ìåæäó âåêòîðàìè a = (−1; 0; 3) è
b = (2; 1; 0).

IÂ ñîîòâåòñòâèè ñ ôîðìóëîé (8.8 ):

cosφ =
ab

|a||b|
=

−1 · 2 + 0 + 0√
(−1)2 + 32

√
22 + 12

= − 2√
50

= −
√
2

5
.

φ = arccos

(
−
√
2

5

)
= π − arccos

√
2

5
(óãîë òóïîé). J

Ïðèìåð 8.19. Íàéäèòå óãîë ìåæäó âåêòîðàìè a è b, åñëè:
|a| = 2, |b| = 3 è (2a− b) ⊥ (a+ 2b).

IÂ ñîîòâåòñòâèè ñ ôîðìóëîé (8.3) èìååì:

0 = (2a− b)(a+ 2b) = 2a2 − 2b
2
+ 3ab = 2|a|2 − 2|b|2 + 3|a| · |b| · cosφ ⇒,

⇒ 2 · 4− 2 · 9 + 3 · 2 · 3 · cosφ = 0 ⇒ cosφ =
5

9
⇒ φ = arccos

5

9
. J
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Ïðèìåð 8.20. Íàéäèòå ïðîåêöèþ Ïð2a+ba, åñëè a = (1; 2; 3),

b = (−2; 1; 0).

I2a + b = (2 · 1 + 2)i + (2 · 2 + 1)j + (2 · 3 + 0)k =
= 4i + 5j + 6k, |2a + b| =

√
52 + 62 =

√
61. Â ñîîòâåòñòâèè ñ ôîð-

ìóëîé (8.2), ïîëó÷àåì:

Ïð2a+ba =
a(2a+ b)

|2a+ b|
=

1 · 4 + 5 · 2 + 6 · 3√
61

=
32√
61

. J

Ïðèìåð 8.21. Íàéäèòå âíóòðåííèé óãîë A ∆ABC, åñëè A(1; 1; 1),
B(1; 2; 3), C(−1; 2; 1).

IÂíóòðåííèé óãîë A ∆ABC ðàâåí óãëó ìåæäó âåêòîðàìè AB è
AC. Íàéäåì èõ êîîðäèíàòû, âû÷èòàÿ èç êîîðäèíàò êîíöà êîîðäèíàòû
íà÷àëà âåêòîðà: AB(0; 1; 2), AC(−2; 1; 0).

cosA =
AB · AC

|AB| · |AC|
=

0 + 1 + 0√
12 + 22

√
(−2)2 + 12

=
1

5
⇒ ∠A = arccos

1

5
. J

Ïðèìåð 8.22. Âåêòîðû p è q îáðàçóþò óãîë 45◦, |p| = 2, |q| = 3,
íàéäèòå äëèíó âåêòîðà 2p− q.

IÂ ñîîòâåòñòâèè ñ ôîðìóëîé (8.5):

|2p− q| =
√
(2p− q)2 ==

√
4|p|2 − 4|p| · |q| cos p̂ q + |q|2 =

=

√
4 · 4− 4 · 2 · 3 ·

√
2

2
+ 9 =

√
25− 12

√
2. J
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8.2. Âåêòîðíîå ïðîèçâåäåíèå

Ïåðåéäåì òåïåðü ê îïðåäåëåíèþ âòîðîãî âèäà ïðîèçâåäåíèÿ âåê-
òîðîâ.

Ââåäåì âíà÷àëå ïîíÿòèå ïðàâîé è ëåâîé òðîéêè âåêòîðîâ.

Îïðåäåëåíèå 8.2. Âåêòîðû, ïàðàëëåëüíûå îäíîé ïëîñêîñòè, íàçûâà-
þòñÿ êîìïëàíàðíûìè. Â ïðîòèâíîì ñëó÷àå âåêòîðû íàçûâàþòñÿ íåêîì-
ïëàíàðíûìè.

Çàìå÷àíèå 8.2. Î÷åâèäíî, ÷òî äâà âåêòîðà âñåãäà êîìïëàíàðíû.

Îïðåäåëåíèå 8.3. Óïîðÿäî÷åííàÿ òðîéêà íåêîìïëàíàðíûõ âåêòîðîâ
a, b, c íàçûâàåòñÿ ïðàâîé, åñëè ïðè ñîâìåùåíèè íà÷àë âåêòîðîâ a, b, c
äëÿ íàáëþäàòåëÿ, íàõîäÿùåãîñÿ íà êîíöå âåêòîðà c, íàïðàâëåíèå âåê-
òîðà b ìîæåò áûòü ïîëó÷åíî èç íàïðàâëåíèÿ âåêòîðà a ïîâîðîòîì
íà êðàò÷àéøèé óãîë ïðîòèâ ÷àñîâîé ñòðåëêè.

B ïðîòèâíîì ñëó÷àå (ïîâîðîò âåêòîðà a ê âåêòîðó b ïðîèñõîäèò
ïî ÷àñîâîé ñòðåëêå) âåêòîðû a, b, c îáðàçóþò ëåâóþ òðîéêó.

Îïðåäåëåíèå ñâÿçàíî ñ ïðàâîé ðóêîé ÷åëîâåêà, îòêóäà è áåð¼òñÿ
íàçâàíèå.

Îïðåäåëåíèå 8.4. Òðîéêà íåêîìïëàíàðíûõ âåêòîðîâ a, b, c, âçÿòûõ â
óêàçàííîì ïîðÿäêå íàçûâàåòñÿ ïðàâîé, åñëè ýòè âåêòîðû, îòëîæåí-
íûå îò îäíîé òî÷êè, ðàñïîëàãàþòñÿ òàê, êàê ðàñïîëîæåíû ñîîòâåò-
ñòâåííî óêàçàòåëüíûé, ñðåäíèé è áîëüøîé ïàëüöû ïðàâîé ðóêè.

Îïðåäåëåíèå 8.5. Âåêòîðíûì ïðîèçâåäåíèåì íåíóëåâîãî âåêòîðà a íà
íåíóëåâîé âåêòîð b íàçûâàåòñÿ âåêòîð c, òàêîé, ÷òî:

1) âåêòîð c ïåðïåíäèêóëÿðåí îáîèì
ïåðåìíîæàåìûì âåêòîðàì: c ⊥ a, c ⊥ b;

2) ìîäóëü âåêòîðà c îïðåäåëÿåòñÿ ôîðìóëîé:

|c| = |a| · |b| · sin (̂a; b); (8.9)

3) âåêòîðû a, b, c îáðàçóþò
ïðàâóþ òðîéêó âåêòîðîâ.

Åñëè îäèí èç âåêòîðîâ a èëè b íóëåâîé, òî èõ âåêòîðíîå ïðîèçâå-
äåíèå ïî îïðåäåëåíèþ ðàâíî íóëåâîìó âåêòîðó.

Âåêòîðíîå ïðîèçâåäåíèå áóäåì îáîçíà÷àòü a× b.

Çàìå÷àíèå 8.3. Èíîãäà âåêòîðíîå ïðîèçâåäåíèå îáîçíà÷àþò ñ ïîìî-
ùüþ êâàäðàòíûõ ñêîáîê: [a, b].



Бе
рк

ов
 Н

.А
., 

 Р
ТУ

 - 
М

ИР
ЭА

, к
аф

ед
ра

 в
ыс

ш
ая

 м
ат

ем
ат

ик
а 

2

102 Ëåêöèÿ 8. Ñêàëÿðíîå ïðîèçâåäåíèå

Åñëè íà ðèñ. 23 ñ÷èòàòü, ÷òî âåêòîð a íàïðàâëåí íàïðàâî, à âåêòîð
b � ââåðõ â ïëîñêîñòè ñòðàíèöû, òî âåêòîð a × b ïåðïåíäèêóëÿðåí
ïëîñêîñòè ëèñòà è íàïðàâëåí ê ÷èòàòåëþ.

a
_

b
_

xa  b
_ _

Ðèñ. 23. Âåêòîðíîå ïðîèçâåäåíèå

8.3. Ñâîéñòâà âåêòîðíîãî ïðîèçâåäåíèÿ

1. a× b = −b× a (àíòèêîììóòàòèâíîñòü).
Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ ñëåäóåò, ÷òî âåêòîðû a× b è b× a

èìåþò îäèíàêîâóþ äëèíó: |a| · |b| · sin (̂a; b) = |b| · |a| · sin (̂b; a) è ïðîòè-
âîïîëîæíûå íàïðàâëåíèÿ.

2. λ(a× b) = (λa)× b (àññîöèàòèâíîñòü).
Äîêàæåì ýòî ñâîéñòâî äëÿ λ > 0: âåêòîð λ(a × b) èìååò òî æå

íàïðàâëåíèå, ÷òî è âåêòîð a × b. Âåêòîð (λa) × b ïðè λ > 0 èìååò òî
æå íàïðàâëåíèå. Äëèíû ýòèõ âåêòîðîâ òàêæå ñîâïàäàþò: |λ(a× b)| =
= |λ| · |a× b| = λ · |a| · |b| · sin (̂a; b), |(λa)× b| = |λa| · |b| · sin (̂a; b) =
= λ|a| · |b| · sin (̂a; b).

Àíàëîãè÷íî ïðîâîäèòñÿ äîêàçàòåëüñòâî äëÿ ñëó÷àÿ λ < 0.
3. a× (b+ c) = a× b+ a× c (äèñòðèáóòèâíîñòü).
Ýòî ñâîéñòâî îñòàâèì áåç äîêàçàòåëüñòâà.
4. Óñëîâèå êîëëèíåàðíîñòè âåêòîðîâ.
Äëÿ òîãî ÷òîáû äâà íåíóëåâûõ âåêòîðà áûëè êîëëèíåàðíû, íåîá-

õîäèìî è äîñòàòî÷íî, ÷òîáû èõ âåêòîðíîå ïðîèçâåäåíèå ðàâíÿëîñü íó-
ëåâîìó âåêòîðó:

a ∥ b, |a| ̸= |0, |b| ̸= 0 ⇐⇒ a× b = 0. (8.10)

Äåéñòâèòåëüíî, åñëè a ∥ b, òî φ = (̂a; b) = 0◦ =⇒ sinφ = 0 è

a×b = 0, |a×b| = 0. Íàîáîðîò, åñëè a×b = 0, òî |a|·|b|·sin (̂a; b) = 0 =⇒
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îäèí èç ñîìíîæèòåëåé ðàâåí íóëþ. Ïîñêîëüêó |a| ̸= |0 è |b| ̸= 0, òî

sin(â; b) = 0, è ëèáî (̂a; b) = 0, ëèáî (̂a; b) = π è çíà÷èò a ∥ b.
5. Âåêòîðíûé êâàäðàò ðàâåí íóëåâîìó âåêòîðó: a× a = 0.
Ýòî ñâîéñòâî ÿâëÿåòñÿ ñëåäñòâèåì ñâîéñòâà 4.
6. Ãåîìåòðè÷åñêèé ñìûñë âåêòîðíîãî ïðîèçâåäåíèÿ:
Ìîäóëü âåêòîðíîãî ïðîèçâåäåíèÿ ðàâåí ïëîùàäè ïàðàëëåëîãðàì-

ìà, ïîñòðîåííîãî íà ïåðåìíîæàåìûõ âåêòîðàõ (ðèñ. 24).

b

a

_

_

Ðèñ. 24. Ãåîìåòðè÷åñêèé ñìûñë âåêòîðíîãî ïðîèçâåäåíèÿ

Äåéñòâèòåëüíî, |a×b| = |a| · |b| ·sin (̂a; b), ÷òî ñîâïàäàåò ñ ôîðìóëîé
ïëîùàäè ïàðàëëåëîãðàììà, èçâåñòíîé èç êóðñà ñðåäíåé øêîëû.

Ïðèìåð 8.23. Óïðîñòèòü âûðàæåíèå: (2i+ j − k)× j − i× (j − 2k).

Ð å ø å í è å: Ïîëüçóÿñü ñâîéñòâàìè âåêòîðíîãî ïðîèçâåäåíèÿ,
ïîëó÷èì: (2i+j−k)×j−i×(j−2k) = 2i×j+j×j−k×j−i×j+2i×k =
= i× j + 2i× k + j × k.

Äëÿ íàõîæäåíèÿ i × j çàìåòèì, ÷òî |i× j| = |i| · |j| · sin 90◦ = 1, à
íàïðàâëåíèå ñîâïàäàåò ñ âåêòîðîì k (ðèñ. 25), ò.å. i × j = k. Àíàëî-
ãè÷íî óáåäèòåñü, ÷òî i × k = −j, j × k = i, ïîýòîìó îêîí÷àòåëüíî:
i× j + 2i× k + j × k = k − 2j + i = i− 2j + k.

Îòâåò: i− 2j + k.

j
_

k
_

i
_

Ðèñ. 25. Âåêòîðíîå ïðîèçâåäåíèå êîîðäèíàòíûõ îðòîâ
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Äëÿ ïîëó÷åíèÿ âûðàæåíèÿ äëÿ âåêòîðíîãî ïðîèçâåäåíèÿ äâóõ âåê-
òîðîâ ÷åðåç èõ êîîðäèíàòû íàéäåì âñå ïàðíûå âåêòîðíûå ïðîèçâåäå-
íèÿ åäèíè÷íûõ âåêòîðîâ i, j, j òàê, êàê ýòî áûëî ñäåëàíî â ïðåäûäó-
ùåì ïðèìåðå:

i× i = j × j = k × k = 0

i× j = k, j × k = i, k × i = j,

j × i = −k, k × j = −i, i× k = −j.

Àíàëîãè÷íî òîìó, êàê ýòî äåëàëîñü ïðè ðåøåíèè ïðèìåðà 8.23,
íàéäåì ïðîèçâåäåíèå:

a× b = (ax · i+ ay · j + az · k)× (bx · i+ by · j + bz · k) =
= axby · i× j + axbz · i× k + aybx · j × i+ aybz · j × k+

+ azbx · k × i+ azby · k × j = axby · k − axbz · j − aybx · k+
+ aybz · i+ azbx · j − azby · i = (aybz − azby)i−
− (axbz − azbx)j + (axby − aybx)k.

Ðàçíîñòè, ñòîÿùèå â ñêîáêàõ, ðàâíû îïðåäåëèòåëÿì âòîðîãî ïî-
ðÿäêà:

a× b =

∣∣∣∣ ay az
by bz

∣∣∣∣ · i− ∣∣∣∣ ax az
bx bz

∣∣∣∣ · j + ∣∣∣∣ ax ay
bx by

∣∣∣∣ · k. (8.11)

Ïîëó÷åííîå âûðàæåíèå åñòü ðàçëîæåíèå îïðåäåëèòåëÿ òðåòüåãî
ïîðÿäêà ïî ýëåìåíòàì ïåðâîé ñòðîêè:

a× b =

∣∣∣∣∣∣
i j k
ax ay az
bx by bz

∣∣∣∣∣∣ . (8.12)

Ôîðìóëû äëÿ êîîðäèíàò âåêòîðíîãî ïðîèçâåäåíèÿ (8.11) óäîáíåå
çàïîìèíàòü â âèäå ñèìâîëè÷åñêîãî îïðåäåëèòåëÿ (8.12), ðàñêëàäûâàÿ
åãî ïî ïåðâîé ñòðîêå.

Íóæíî îòìåòèòü, ÷òî ðàíåå îïðåäåëèòåëü ââîäèëñÿ êàê ÷èñëî, âû-
÷èñëÿåìîå ïî íåêîòîðîìó ïðàâèëó èñõîäÿ èç åãî ýëåìåíòîâ.

Çäåñü ìû èñïîëüçóåì ýòî ïðàâèëî äëÿ ïîëó÷åíèÿ ðàçëîæåíèÿ (8.11)
âåêòîðà a × b íà ñîñòàâëÿþùèå. Òàêèì îáðàçîì, (8.12) íå ÿâëÿåò-
ñÿ îïðåäåëèòåëåì, íî òàêàÿ çàïèñü îáëåã÷àåò çàïîìèíàíèå ôîðìóëû
(8.11).
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Ïðèìåð 8.24. Íàéòè âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ a = (1; 2; 3)
è b = (2; 0;−1).

Ð å ø å í è å: a× b =

∣∣∣∣∣∣
i j k
1 2 3
2 0 −1

∣∣∣∣∣∣ =
∣∣∣∣ 2 3
0 −1

∣∣∣∣ i− ∣∣∣∣ 1 3
2 −1

∣∣∣∣ j +
+

∣∣∣∣ 1 2
2 0

∣∣∣∣ k = (−2− 0)i− (−1− 6)j + (0− 4)k = −2i+ 7j − 4k.

Îòâåò: a× b = −2i+ 7j − 4k.

8.4. Ñìåøàííîå ïðîèçâåäåíèå

Îïðåäåëåíèå 8.6. Ñìåøàííûì ïðîèçâåäåíèåì òð¼õ âåêòîðîâ a, b è
c íàçûâàåòñÿ ÷èñëî, ðàâíîå (a× b) · c, ò.å. ñêàëÿðíîìó ïðîèçâåäåíèþ
âåêòîðíîãî ïðîèçâåäåíèÿ ïåðâûõ äâóõ íà òðåòèé âåêòîð.

Çàìå÷àíèå 8.4. Äðóãèå îáîçíà÷åíèÿ ñìåøàííîãî ïðîèçâåäåíèÿ èìåþò
âèä: (a, b, c) èëè (a b c).

Íàéäåì âûðàæåíèå äëÿ ñìåøàííîãî ïðîèçâåäåíèÿ òð¼õ âåêòîðîâ
÷åðåç èõ êîîðäèíàòû, äëÿ ÷åãî çàïèøåì ñêàëÿðíîå ïðîèçâåäåíèå âåê-
òîðà (8.11) íà âåêòîð c = cx · i+ cy · j + cz · k:

(a×b) ·c =
∣∣∣∣ ay az
by bz

∣∣∣∣ ·cx− ∣∣∣∣ ax az
bx bz

∣∣∣∣ ·cy+ ∣∣∣∣ ax ay
bx by

∣∣∣∣ ·cz =
∣∣∣∣∣∣
ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣ .
Òàêèì îáðàçîì, ñìåøàííîå ïðîèçâåäåíèå ðàâíî îïðåäåëèòåëþ òðå-

òüåãî ïîðÿäêà, â ñòðîêàõ êîòîðîãî ñòîÿò êîîðäèíàòû ïåðåìíîæàåìûõ
âåêòîðîâ.

Ïîëüçóÿñü ñâîéñòâàìè îïðåäåëèòåëÿ, äîêàæåì, ÷òî:
(a× b) · c = a · (b× c).

Äåéñòâèòåëüíî, àíàëîãè÷íî âûâîäó ïðåäûäóùåé ôîðìóëû, ïîëó-
÷àåì:

b× c =

∣∣∣∣∣∣
i j k
bx by bz
cx cy cz

∣∣∣∣∣∣ =
∣∣∣∣ by bz
cy cz

∣∣∣∣ · i− ∣∣∣∣ bx bz
cx cz

∣∣∣∣ · j + ∣∣∣∣ bx by
cx cy

∣∣∣∣ · k,
a · (b× c) =

∣∣∣∣ by bz
cy cz

∣∣∣∣ · a× −
∣∣∣∣ bx bz
cx cz

∣∣∣∣ · ay + ∣∣∣∣ bx by
cx cy

∣∣∣∣ · az =
∣∣∣∣∣∣
ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣ .
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Ìû ïîëó÷èëè òîò æå îïðåäåëèòåëü, ÷òî è â ôîðìóëå äëÿ ((a×b)·c).
Òàêèì îáðàçîì äîêàçàíî, ÷òî çíàêè ñêàëÿðíîãî è âåêòîðíîãî ïðîèç-
âåäåíèÿ ¾·¿ è ¾×¿ â ñìåøàííîì ïðîèçâåäåíèè ìîæíî ïåðåñòàâëÿòü.
Ïîýòîìó ñìåøàííîå ïðîèçâåäåíèå è ïðèíÿòî îáîçíà÷àòü (a b c), êàê
áûëî óêàçàíî âûøå:

(a b c) =

∣∣∣∣∣∣
ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣ . (8.13)

Ïðèìåð 8.25. Íàéòè ñìåøàííîå ïðîèçâåäåíèå (a b c), åñëè
a = (1; 2; 3), b = (−2; 1; 0), c = (1;−1; 2).

Ð å ø å í è å: Ðàñêëàäûâàÿ îïðåäåëèòåëü ïî ïîñëåäíåìó ñòîëáöó,
ïîëó÷àåì:

(a b c) =

∣∣∣∣∣∣
1 2 3
−2 1 0
1 −1 2

∣∣∣∣∣∣ = 3 ·
∣∣∣∣ −2 1

1 −1

∣∣∣∣+ 2 ·
∣∣∣∣ 1 2
−2 1

∣∣∣∣ =
= 3(2− 1) + 2(1 + 4) = 13.

Îòâåò: 13.

8.5. Ñâîéñòâà ñìåøàííîãî ïðîèçâåäåíèÿ

1. (a b c) = (c a b) = (b c a) = −(b a c) = −(a c b) = −(c b a).
Äîêàçàòåëüñòâî ýòèõ ñîîòíîøåíèé ïðîâîäèòñÿ àíàëîãè÷íî âûâîäó

ôîðìóëû (8.12). ×òîáû èõ çàïîìíèòü, çàìåòèì, ÷òî ïðè ¾öèêëè÷åñêîé
ïåðåñòàíîâêå¿ âåêòîðîâ (âåêòîð ïåðåäâèãàåòñÿ íà ñëåäóþùåå ìåñòî, à
ïîñëåäíèé � íà ïåðâîå) çíàê íå ìåíÿåòñÿ, à ïðè ïåðåñòàíîâêå äâóõ
ñîñåäíèõ âåêòîðîâ çíàê ìåíÿåòñÿ.

2. Ãåîìåòðè÷åñêèé ñìûñë ñìåøàííîãî ïðîèçâåäåíèÿ.
Ìîäóëü ñìåøàííîãî ïðîèçâåäåíèÿ ðàâåí îáú¼ìó ïàðàëëåëåïèïåäà,

ïîñòðîåííîãî íà ýòèõ âåêòîðàõ, êàê íà ðåáðàõ (ðèñ. 26).
Äëÿ äîêàçàòåëüñòâà ýòîãî ïîñòðîèì âåêòîð d = a× b, äëèíà êîòî-

ðîãî â ñîîòâåòñòâèè ñ ãåîìåòðè÷åñêèì ñìûñëîì âåêòîðíîãî ïðîèçâåäå-
íèÿ ðàâíà ïëîùàäè ïàðàëëåëîãðàììà, ïîñòðîåííîãî íà âåêòîðàõ a è b,
ò.å. ïëîùàäè îñíîâàíèÿ ïàðàëëåëåïèïåäà: |a× b| = S. Èç îïðåäåëåíèÿ
ñìåøàííîãî ïðîèçâåäåíèÿ (a b c) = (a × b) · c = |a × b| · |c| · cosφ, ãäå
φ � óãîë ìåæäó âåêòîðàìè d è c. Íà ðèñ. 26 èçîáðàæåí ñëó÷àé φ <

π

2
.

Äëÿ ýòîãî ñëó÷àÿ ïîëó÷èì, ÷òî âûñîòà ïàðàëëåëåïèïåäà h = |c| cosφ.
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a

b
_

_

d=a  b

L

c

ϕ

Ðèñ. 26. Ãåîìåòðè÷åñêèé ñìûñë ñìåøàííîãî ïðîèçâåäåíèÿ

Îêîí÷àòåëüíî: (a b c) = |a × b| · |c| · cosφ = S · h = V � îáú¼ìó ïà-

ðàëëåëåïèïåäà, èçîáðàæ¼ííîãî íà ðèñ. 26. Â ñëó÷àå φ >
π

2
ïîëó÷èì

h = −|c| · cosφ (ò.ê. cosφ < 0) è a · b · c = −V . Îêîí÷àòåëüíî ïîëó÷àåì:
V = |(a b c)|.

Ïðèìåð 8.26. Âû÷èñëèòü îáú¼ì ïèðàìèäû ñ âåðøèíàìè
A(2;−1;−1), B(5;−1; 2), C(3; 0; 3) è D(6; 0;−1).

Ð å ø å í è å: Ðàññìîòðèì âåêòîðû DA = (−4;−1; 0), DB =
= (−1;−1; 3), DC = (−3; 0; 4). Èç øêîëüíîãî êóðñà ãåîìåòðèè èçâåñò-
íî, ÷òî îáú¼ì ïèðàìèäû, ïîñòðîåííîé íà ðåáðàõDA,DB,DC, â øåñòü
ðàç ìåíüøå îáú¼ìà ïàðàëëåëåïèïåäà, ïîñòðîåííîãî íà ýòèõ ðåáðàõ:

Vïèð =
1

6
|(DA DB DC)| = 1

6

∣∣∣∣∣∣
∣∣∣∣∣∣
−4 −1 0
−1 −1 3
−3 0 4

∣∣∣∣∣∣
∣∣∣∣∣∣ =

=
1

6
· | − 4 · (−4) + 1(−4 + 9)| = 1

6
· 21 =

7

2
= 3,5.

Îòâåò: Vïèð = 3,5.
3. Óñëîâèå êîìïëàíàðíîñòè âåêòîðîâ.
Äëÿ òîãî, ÷òîáû òðè âåêòîðà áûëè êîìïëàíàðíû, íåîáõîäèìî è

äîñòàòî÷íî, ÷òîáû èõ ñìåøàííîå ïðîèçâåäåíèå ðàâíÿëîñü íóëþ.
Äîêàçàòåëüñòâî.
Åñëè òðè âåêòîðà êîìïëàíàðíû, ìîæíî ñ÷èòàòü, ÷òî îíè ëåæàò â

îäíîé ïëîñêîñòè è òîãäà, êîíå÷íî, îáú¼ì ïàðàëëåëåïèïåäà, ïîñòðîåí-
íîãî íà ýòèõ âåêòîðàõ, ðàâåí íóëþ, ò.å. ñìåøàííîå ïðîèçâåäåíèå ðàâíî
íóëþ.

Åñëè íàîáîðîò, ñìåøàííîå ïðîèçâåäåíèå ðàâíî íóëþ, òî îáú¼ì ïà-
ðàëëåëåïèïåäà ðàâåí íóëþ è, çíà÷èò, âñå âåêòîðû ïàðàëëåëüíû îäíîé
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ïëîñêîñòè (êîìïëàíàðíû) èëè õîòÿ áû îäèí èç íèõ ðàâåí íóëþ, ÷òî
òîæå îçíà÷àåò êîìïëàíàðíîñòü âñåõ òð¼õ âåêòîðîâ.

Äðóãèìè ñëîâàìè, íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì êîìïëà-
íàðíîñòè òð¼õ âåêòîðîâ ÿâëÿåòñÿ ðàâåíñòâî íóëþ îïðåäåëèòåëÿ, ñî-
ñòàâëåííîãî èç êîîðäèíàò ýòèõ âåêòîðîâ:∣∣∣∣∣∣

ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣ = 0. (8.14)

Ïðèìåð 8.27. Óñòàíîâèòü, áóäóò ëè êîìïëàíàðíû âåêòîðû AB, BC
è CD, åñëè äàíû êîîðäèíàòû òî÷åê: A(1; 2;−1), B(0; 1; 5), C(−1; 2; 1),
D(2; 1; 3).

Ð å ø å í è å:
Íàéäåì êîîðäèíàòû âåêòîðîâ, âû÷èòàÿ èç êîîðäèíàò êîíöà êîîð-

äèíàòû íà÷àëà:
AB = (−1;−1; 6), BC = (−1; 1;−4), CD = (3;−1; 2).
Âû÷èñëèì çíà÷åíèå îïðåäåëèòåëÿ è ïðîâåðèì âûïîëíåíèå óñëîâèÿ

(8.14)∣∣∣∣∣∣
−1 −1 6
−1 1 −4
3 −1 2

∣∣∣∣∣∣ = −1(2−4)+1(−2+12)+6(1−3) = 2+10−12 = 0.

Îòâåò: âåêòîðû êîìïëàíàðíû.

Ïðèìåð 8.28. Íàéäèòå âåêòîðíîå ïðîèçâåäåíèå a × b äëÿ âåêòîðîâ
a = 2i− 3j + k, b = −i+ j + 3k.

Ð å ø å í è å: Â ñîîòâåòñòâèè ñ ôîðìóëîé (8.12):

a× b =

∣∣∣∣∣∣
i j k
2 −3 1

−1 1 3

∣∣∣∣∣∣ = i

∣∣∣∣ −3 1
1 3

∣∣∣∣− j

∣∣∣∣ 2 1
−1 3

∣∣∣∣+ k

∣∣∣∣ 2 −3
−1 1

∣∣∣∣ =
= i(−9− 1)− j(6 + 1) + k(2− 3) = −10i− 7j − k.

Ïðèìåð 8.29. Óïðîñòèòå âûðàæåíèå (âû÷èñëèòå):

j × i+ 3j × k − 5k × i+ (3i+ 5j − k)× (i− 6j + 5k).

Ð å ø å í è å: Íà îñíîâàíèè îïðåäåëåíèÿ è ñâîéñòâ âåêòîðíîãî
ïðîèçâåäåíèÿ (ï. ï. 8.23, 8.29) ïîëó÷àåì: i×j = k, i×k = −j, j×k = i,
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ïîýòîìó èñêîìîå âûðàæåíèå ðàâíî:

−i× j + 3j × k + 5i× k + 3i× i− 18i× j + 15i× k + 5j × i− 30j × j+

+25j × k− k× i+6k · j − 5k · k = −k+3i− 5j +3 · 0− 18k− 15j − 5k−
−30 · 0 + 25i− j − 6i− 5 · 0 = 22i− 21j − 24k.

Ïðèìåð 8.30. Âû÷èñëèòå ïëîùàäü òðåóãîëüíèêà M ABC, åñëè A(1; 1; 1),
B(1; 2; 3), C(−1; 2; 1).

Ð å ø å í è å: Ïëîùàäü M ABC ðàâíà ïîëîâèíå ïëîùàäè ïàðàëëå-
ëîãðàììà, ïîñòðîåííîãî íà âåêòîðàõAB è AC, êîòîðàÿ â ñîîòâåòñòâèè
ñ ï. 8.29 ðàâíà ìîäóëþ âåêòîðíîãî ïðîèçâåäåíèÿ ýòèõ âåêòîðîâ:

SMABC =
1

2

∣∣AB × AC
∣∣ .

Íàéäåì êîîðäèíàòû âåêòîðîâ AB è AC è èõ âåêòîðíîå ïðîèçâåäå-
íèå:

AB = (1−1; 2−1; 3−1) = (0; 1; 2), AC = (−1−1; 2−1; 1−1) = (−2; 1; 0),

AB × AC =

∣∣∣∣∣∣
i j k
0 1 2
−2 1 0

∣∣∣∣∣∣ = i

∣∣∣∣ 1 2
1 0

∣∣∣∣− j

∣∣∣∣ 0 2
−2 0

∣∣∣∣+ k

∣∣∣∣ 0 1
−2 1

∣∣∣∣ =
= −2i− 4j + 2k.

Âû÷èñëÿåì ìîäóëü ýòîãî âåêòîðà ïî ôîðìóëå (7.12):∣∣AB × AC
∣∣ =√(−2)2 + (−4)2 + 22 =

√
24 = 2

√
6.

Îêîí÷àòåëüíî: SMABC =
1

2
· 2
√
6 =

√
6.

Ïðèìåð 8.31. Âû÷èñëèòå ïëîùàäü ïàðàëëåëîãðàììà, ïîñòðîåííîãî
íà âåêòîðàõ p−q è 2p+q, åñëè p è q � åäèíè÷íûå âåêòîðû, îáðàçóþùèå
óãîë 60◦.

Ð å ø å í è å: Íàéäåì ñíà÷àëà âåêòîðíîå ïðîèçâåäåíèå:

(p− q)× (2p+ q) = 2p× p+ p× q − 2q × p− q × q =

= 2 · 0 + p× q + 2p× q − 0 = 3p× q.

Èñïîëüçóÿ ãåîìåòðè÷åñêèé ñìûñë è îïðåäåëåíèå âåêòîðíîãî ïðîèçâå-
äåíèÿ, ïîëó÷àåì:

S = |3p× q| = 3|p| · |q| · sin 60◦ = 3 · 1 · 1 ·
√
3

2
=

3
√
3

2
.
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Ïðèìåð 8.32. Íàéäèòå âûñîòó CD ∆ABC èç ïðèìåðà 8.30.

Ð å ø å í è å: Âûñîòó CD = h íà ñòîðîíó AB íàéäåì èñïîëüçóÿ

ôîðìóëó äëÿ ïëîùàäè òðåóãîëüíèêà: S∆ABC =
1

2
|AB| · h, êîòîðóþ ìû

íàøëè ÷åðåç âåêòîðíîå ïðîèçâåäåíèå â ïðèìåðå 8.30: S∆ABC =
√
6.

Çíàÿ êîîðäèíàòû âåêòîðà AB = (0; 1; 2), íàéäåííûå ðàíåå, îïðåäåëèì
äëèíó îñíîâàíèÿ òðåóãîëüíèêà:

|AB| =
√
12 + 22 =

√
5,

èç óðàâíåíèÿ
√
6 =

1

2

√
5h íàõîäèì:

h =
2
√
6√
5

=
2
√
30

5
.

Ïðèìåð 8.33. Íàéòè åäèíè÷íûé âåêòîð, ïåðïåíäèêóëÿðíûé âåêòî-
ðàì a = (2;−1; 5) è b = (−2; 3; 0).

Ð å ø å í è å: Â êà÷åñòâå âåêòîðà, ïåðïåíäèêóëÿðíîãî êàê âåêòîðó
a, òàê è b, âûáåðåì èõ âåêòîðíîå ïðîèçâåäåíèå:

a× b =

∣∣∣∣∣∣
i j k
2 −1 5
−2 3 0

∣∣∣∣∣∣ = i

∣∣∣∣ −1 5
3 0

∣∣∣∣− j

∣∣∣∣ 2 5
−2 0

∣∣∣∣+ k

∣∣∣∣ 2 −1
−2 3

∣∣∣∣ =
= −15i− 10j + 4k.

Òåïåðü íàéäåì âåêòîð, ñîíàïðàâëåííûé ýòîìó è åäèíè÷íîé äëèíû:

e =
a× b

|a× b|
=

−15i− 10j + 4k√
152 + 102 + 42

= − 15√
341

i− 10√
341

j +
4√
341

k.

Çàìåòèì, ÷òî íàðÿäó ñ âåêòîðîì e, èñêîìûì âåêòîðîì ìîæåò áûòü
òàêæå âåêòîð −e.

Ïðèìåð 8.34. Íàéäèòå ñìåøàííîå ïðîèçâåäåíèå âåêòîðîâ
a = (1;−1; 2), b = (0; 1; 2), c = (2; 0; 1).

Ð å ø å í è å: Â ñîîòâåòñòâèè ñ ôîðìóëîé (8.13) íàõîäèì:

(abc) =

∣∣∣∣∣∣
1 −1 2
0 1 2
2 0 1

∣∣∣∣∣∣ = 1 ·
∣∣∣∣ 1 2
0 1

∣∣∣∣+ 1 ·
∣∣∣∣ 0 2
2 1

∣∣∣∣+ 2 ·
∣∣∣∣ 0 1
2 0

∣∣∣∣ =
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= 1− 4− 4 = −7.

Îòâåò: -7.

Ïðèìåð 8.35. Íàéäèòå îáú¼ì òðåóãîëüíîé ïèðàìèäû ñ âåðøèíàìè
A(2; 2; 2), B(4; 3; 3), C(4; 5; 4), D(5; 5; 6).

Ð å ø å í è å: Íåòðóäíî ïîêàçàòü, ÷òî îáú¼ì òðåóãîëüíîé ïèðàìèäû
Vïèð ñ âåðøèíîé â òî÷êå À â 6 ðàç ìåíüøå îáú¼ìà ïàðàëëåëåïèïåäà

Vïàð, ïîñòðîåííîãî íà âåêòîðàõ AB, AC, AD. Äåéñòâèòåëüíî: Vïèð =

=
1

3
SïèðH, Vïàð = SïàðH, ãäå Sïèð, Sïàð, H � ñîîòâåòñòâåííî ïëî-

ùàäü îñíîâàíèÿ ïèðàìèäû, ïàðàëëåëåïèïåäà è èõ îáùàÿ âûñîòà. Åñëè

ó÷åñòü, ÷òî Sïèð =
1

2
Sïàð (ïëîùàäü òðåóãîëüíèêà ðàâíà ïîëîâèíå îò

ïëîùàäè ïàðàëëåëîãðàììà), òî ïîëó÷èì: Vïèð =
1

6
Vïàð. Âû÷èñëèì

êîîðäèíàòû ïåðå÷èñëåííûõ âåêòîðîâ: AB = (2; 1; 1), AC = (2; 3; 2),
AD = (3; 3, 4). Íàéäåì ñìåøàííîå ïðîèçâåäåíèå:

(ABAC AD) =

∣∣∣∣∣∣
2 1 1
2 3 2
3 3 4

∣∣∣∣∣∣ = 2 ·
∣∣∣∣ 3 2
3 4

∣∣∣∣− 1 ·
∣∣∣∣ 2 2
3 4

∣∣∣∣+ 1 ·
∣∣∣∣ 2 3
3 3

∣∣∣∣ =
= 2 · 6− 1 · 2− 1 · 3 = 7.

Îêîí÷àòåëüíî: Vïèð =
1

6
Vïàð =

1

6
|ABAC CD| = 7

6
.

Ïðèìåð 8.36. Íàéäèòå âûñîòó òðåóãîëüíîé ïèðàìèäû èç ïðèìåðà
8.35, îïóùåííîé èç âåðøèíû A.

Ð å ø å í è å: Òàê êàê âûñîòà ïèðàìèäû ðàâíà âûñîòå ïàðàë-
ëåëåïèïåäà, íàéäåì H èç ôîðìóëû Vïàð = SïàðH. Äëÿ íàõîæäåíèÿ
Sïàð ïëîùàäè îñíîâàíèÿ ïàðàëëåëåïèïåäà âû÷èñëèì âåêòîðíîå ïðî-

èçâåäåíèå BC×BD. Âû÷èòàÿ èç êîîðäèíàò êîíöà êîîðäèíàòû íà÷àëà,
ïîëó÷èì BC = (0; 2; 1), BD = (1; 2; 3),

BC ×BD =

∣∣∣∣∣∣
i j k
0 2 1
1 2 3

∣∣∣∣∣∣ = i ·
∣∣∣∣ 2 1
2 3

∣∣∣∣− j ·
∣∣∣∣ 0 1
1 3

∣∣∣∣+ k ·
∣∣∣∣ 0 2
1 2

∣∣∣∣ =
= 4i+ j − 2k.
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Sïàð = |BC ×BD| =
√
42 + 12 + (−2)2 =

√
21. Èç óðàâíåíèÿ:

7 =
√
21H ïîëó÷àåì H =

7√
21

.

Ïðèìåð 8.37. Ïðîâåðüòå êîìïëàíàðíîñòü âåêòîðîâ a = 2i + 5j +
+7k, b = i+ j − k, c = i+ 2j + 2k.

Ð å ø å í è å: Íàéäåì ñìåøàííîå ïðîèçâåäåíèå

(abc) =

∣∣∣∣∣∣
2 5 7
1 1 −1
1 2 2

∣∣∣∣∣∣ = 2 ·
∣∣∣∣ 1 −1
2 2

∣∣∣∣− 5 ·
∣∣∣∣ 1 −1
1 2

∣∣∣∣+ 7 ·
∣∣∣∣ 1 1
1 2

∣∣∣∣ =
= 8− 15 + 7 = 0.

Îòâåò: Âåêòîðà a, b è c êîìïëàíàðíû.

Ïðèìåð 8.38. Ïðîâåðüòå, ëåæàò ëè ÷åòûðå òî÷êè A(1; 1; 3)
B(−1;−1;−1), C(2; 0; 3), D(0; 1; 2) â îäíîé ïëîñêîñòè?

Ð å ø å í è å: Äàííûå ÷åòûðå òî÷êè áóäóò ëåæàòü â îäíîé ïëîñêî-
ñòè, î÷åâèäíî, òîãäà è òîëüêî òîãäà, êîãäà âåêòîðû AB, AC, AD áó-
äóò êîìïëàíàðíû. Ïðîâåðèì ýòî: AB = (−2;−2;−4), AC = (1;−1; 0),
AD = (−1; 0;−1).

(ABAC AD) =

∣∣∣∣∣∣
−2 −2 −4
1 −1 0
−1 0 −1

∣∣∣∣∣∣ = −2·
∣∣∣∣ −1 0

0 −1

∣∣∣∣+2·
∣∣∣∣ 1 0
−1 −1

∣∣∣∣−4·
∣∣∣∣ 1 −1
−1 0

∣∣∣∣ =
= −2 + 2 · (−1) + 4 = 0.
Òàê êàê ñìåøàííîå ïðîèçâåäåíèå ðàâíî íóëþ, âåêòîðû êîìïëàíàð-

íû è òî÷êè ëåæàò â îäíîé ïëîñêîñòè.

Ïðèìåð 8.39. Äàíû òðè âåêòîðû a = 5i− 6j − 4k,
b = 4i+ 8j − 7k, c = 3j − 4k.
1) Ïðîâåðèòü íà êîëëèíåàðíîñòü è îðòîãîíàëüíîñòü âåêòîðîâ a è b.
2) Ïðîâåðèòü êîìïëàíàðíû ëè âåêòîðà a, b è c.

Ð å ø å í è å:
1) Äâà âåêòîðà a è b êîëëèíåàðíû òîãäà è òîëüêî òîãäà, êîãäà b =

λa èëè a = λb. Ýòî îçíà÷àåò, ÷òî êîîðäèíàòû êîëëèíåàðíûõ âåêòîðîâ
ïðîïîðöèîíàëüíû:

bx
ax

=
by
ay

=
bz
az

= λ èëè
ax
bx

=
ay
by

=
az
bz

= λ.
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Ïðîâåðÿåì ýòî óñëîâèå:

5

4
̸= −6

8
.

Ñëåäîâàòåëüíî âåêòîðà a è b íå êîëëèíåàðíû .
Ïðîâåðèì îðòîãîíàëüíîñòü ýòèõ âåêòîðîâ. Óñëîâèå îðòîãîíàëüíî-

ñòè âåêòîðîâ a · b = 0.
Äëÿ çàäàííûõ âåêòîðîâ a · b = 5 · 4 + (−6) · 8 + (−4) · (−7) = 0.
Ñëåäîâàòåëüíî âåêòîðà a è b îðòîãîíàëüíû.
2) Äëÿ ïðîâåðêè êîìïëàíàðíîñòè âåêòîðîâ a, b è c,íàéäåì ñìåøàí-

íîå ïðîèçâåäåíèå

(abc) =

∣∣∣∣∣∣
5 −6 −4
4 8 −7
0 3 −4

∣∣∣∣∣∣ = −3·
∣∣∣∣ 5 −4
4 −7

∣∣∣∣−4·
∣∣∣∣ 5 −6
4 8

∣∣∣∣ = 3·19−4·64 = −199.

Ñëåäîâàòåëüíî âåêòîðà a, b è c íåêîìïëàíàðíû.

Ïðèìåð 8.40. Äîêàçàòü, ÷òî âåêòîðû a = (5, 7,−2), b = (−3, 1, 3)
è c = (1,−4, 6) îáðàçóþò áàçèñ â V3. Íàéòè êîîðäèíàòû âåêòîðà
d = (14, 9,−1) â ýòîì áàçèñå.

Ð å ø å í è å:
Âåêòîðà îáðàçóþò áàçèñ, åñëè îíè íåçàâèñèìû. Òðè âåêòîðà a, b è

c îáðàçóþò áàçèñ â V3, åñëè îíè íåêîìïëàíàðíû. Òðè âåêòîðà íåêîì-
ïëàíàðíû, åñëè èõ ñìåøàííîå ïðîèçâåäåíèå íå ðàâíî íóëþ.

Åñëè çàäàíû êîîðäèíàòû âåêòîðîâ, òî ñìåøàííîå ïðîèçâåäåíèå íà-
õîäèòñÿ ïî ôîðìóëå:

(a b c) =

∣∣∣∣∣∣
ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣ .
Íàéä¼ì ñìåøàííîå ïðîèçâåäåíèå äëÿ çàäàííûõ âåêòîðîâ:

(a b c) =

∣∣∣∣∣∣
5 7 −2
−3 1 3
1 −4 6

∣∣∣∣∣∣ = 5

∣∣∣∣ 1 3
−4 6

∣∣∣∣−7

∣∣∣∣ −3 3
1 6

∣∣∣∣−2

∣∣∣∣ −3 1
1 −4

∣∣∣∣ =
= 5 · 18− 7 · (−21)− 2 · 11 = 90 + 147− 22 = 215.

Âåêòîðà íåêîìïëàíàðíû, ñëåäîâàòåëüíî îíè îáðàçóþò áàçèñ

â V3.
Íàéä¼ì ðàçëîæåíèå âåêòîðà d â áàçèñå âåêòîðîâ a, b è c.

d = x1a+ x2b+ x3c.
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Ïîäñòàâëÿÿ êîîðäèíàòû çàäàííûõ âåêòîðîâ, ïîëó÷àåì ñèñòåìó òð¼õ
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

x1

 5
7

−2

+ x2

 −3
1
3

+ x3

 1
−4
6

 =

 14
9

−1

 .

Çàïèøåì å¼ â ñòàíäàðòíîì âèäå: 5x1 − 3x2 + x3 = 14,
7x1 + x2 − 4x3 = 9,
−2x1 + 3x2 + 6x3 = −1.

Ðåøàåì å¼ ìåòîäîì îáðàòíîé ìàòðèöû

A =

 5 −3 1
7 1 −4

−2 3 6


Îïðåäåëèòåëü äàííîé ìàòðèöû ìû óæå âû÷èñëèëè |A| = 215. Íà-

õîäèì àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ýòîãî îïðåäåëèòåëÿ ïî
ôîðìóëàì Aij = (−1)i+j ·Mij:

A11 =

∣∣∣∣ 1 −4
3 6

∣∣∣∣ = 18, A21 = −
∣∣∣∣ −3 1

3 6

∣∣∣∣ = 21, A31 =

∣∣∣∣ −3 1
1 −4

∣∣∣∣ = 11,

A12 = −
∣∣∣∣ 7 −4
−2 6

∣∣∣∣ = −34, A22 =

∣∣∣∣ 5 1
−2 6

∣∣∣∣ = 32, A32 = −
∣∣∣∣ 5 1
7 −4

∣∣∣∣ =
27,

A13 =

∣∣∣∣ 7 1
−2 3

∣∣∣∣ = 23, A23 = −
∣∣∣∣ 5 −3
−2 3

∣∣∣∣ = −9, A33 =

∣∣∣∣ 5 −3
7 1

∣∣∣∣ = 26.

Ñëåäîâàòåëüíî,

A−1 =
1

215

 18 21 11
−34 32 27
23 −9 26

 .

Ëåãêî ïðîâåðèòü, ÷òî óñëîâèå (3.1) A · A−1 = A−1 · A = E âûïîë-
íÿåòñÿ.

X = A−1 · d =
1

215

 18 21 11
−34 32 27
23 −9 26

 ·

 14
9

−1

 =

 2
−1
1

 .

Ñëåäîâàòåëüíî, ðàçëîæåíèå âåêòîðà d â íîâîì áàçèñå èìååò âèä:
d = 2a− b+ c.
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Ïðîâåðèì ïîëó÷åííîå ðåøåíèå. Ïåðåéä¼ì ê ñòàðîìó áàçèñó:
2 · (5; 7;−2)− (−3; 1; 3)+(1;−4; 6) = (10+3+1; 14−1−4;−4−3+6) =
= (14; 9;−1).

Ïîëó÷èëè çàäàííûé âåêòîð d.
Îòâåò: d = (2;−1; 1).

Ïðèìåð 8.41. Äàíû êîîðäèíàòû âåðøèí ïèðàìèäû ABCD:
A(−3, 2, 1), B(−2, 1, 0), C(1,−2, 1) è D(3, 1, 2).
Íàéòè: 1) Âíóòðåííèé óãîë A òðåóãîëüíèêà ABC;
2) Ïëîùàäü òðåóãîëüíèêà ABC;
3) îáú¼ì ïèðàìèäû ABCD;
4) äëèíó âûñîòû, îïóùåííîé èç âåðøèíû D ïèðàìèäû ABCD.

Ð å ø å í è å:
Íàéä¼ì êîîðäèíàòû âåêòîðîâ AB,AC è AD.

AB = (−2− (−3); 1− 2; 0− 1) = (1;−1;−1);
AC = (1− (−3);−2− 2; 1− 1) = (4;−4; 0);
AD = (3− (−3); 1− 2; 2− 1) = (6;−1; 1).

1) Äëÿ âû÷èñëåíèÿ óãëà ìåæäó âåêòîðàìè èñïîëüçóåì ôîðìóëó:

cos(< A) =
AB · AC

|AB| · |AC|
.

AB · AC = 1 · 4 + (−1) · (−4) + (−1) · 0 = 8.

|AB| =
√

(12 + (−1)2 + (−1)2) =
√
3.

|AC| =
√

(42 + (−4)2) = 4
√
2.

cosA =
8√

3 · 4 ·
√
2
=

2√
6
=

2√
3
.

Îòâåò: < A = arccos(
√
2/
√
3).

2) Äëÿ âû÷èñëåíèÿ ïëîùàäè òðåóãîëüíèêà ABC èñïîëüçóåì ôîð-
ìóëó:
S△ABC = 0,5|AB × AC|.

d = AB×AC =

∣∣∣∣∣∣
i j k
1 −1 −1
4 −4 0

∣∣∣∣∣∣ = i·
∣∣∣∣ −1 −1
−4 0

∣∣∣∣−j·
∣∣∣∣ 1 −1
4 0

∣∣∣∣+k·
∣∣∣∣ 1 −1
4 −4

∣∣∣∣ =
= −4i+ 4j.

S△ABC = 0,5
√

(−4)2 + 42 = 2
√
2.

Îòâåò: S△ABC = 2
√
2.

3) Íàéä¼ì ñìåøàííîå ïðîèçâåäåíèå âåêòîðîâ AB,AC è AD.
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(ABACAD) =

∣∣∣∣∣∣
1 −1 −1
4 −4 0
6 −1 1

∣∣∣∣∣∣ =
∣∣∣∣∣∣
7 −2 0
4 −4 0
6 −1 1

∣∣∣∣∣∣ =
∣∣∣∣ 7 −2
4 −4

∣∣∣∣ = −20.

VABCD =
1

6
|(ABACAD)| = 10

3
.

Îòâåò: VABCD =
10

3
.

4) Òàê êàê âûñîòà ïèðàìèäû ðàâíà âûñîòå ïàðàëëåëåïèïåäà, íàé-
äåì H èç ôîðìóëû

VABCD =
1

3
S△ABCH.

H =
3VABCD

S△ABC

=
3 · 10
3 · 2

√
2
=

5√
2
.

Îòâåò: H =
5√
2
.

Ïðèìåð 8.42. Ïîëüçóÿñü ñâîéñòâàìè ñêàëÿðíîãî è âåêòîðíîãî ïðîèç-
âåäåíèé, âû÷èñëèòü óãîë φ ìåæäó âåêòîðàìè a = −2p + q è
b = 3p+ q è ïëîùàäü ïàðàëëåëîãðàììà S, ïîñòðîåííîãî íà ýòèõ âåê-
òîðàõ. Åñëè èçâåñòíî, ÷òî óãîë ìåæäó âåêòîðàìè p è q ðàâåí π/3 ,
|p| = 1 è |q| = 2.

Ð å ø å í è å: Íàéä¼ì ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ p è q.
p · q = |p| · |q| · cos p̂q = 1 · 2 · cos(π/3) = 1.

Èñïîëüçóÿ ñâîéñòâî ñêàëÿðíîãî ïðîèçâåäåíèÿ, íàéä¼ì äëèíû âåê-
òîðîâ a è b.

a ·b = (−2p+q) ·(3p+q) = −6p2−2p ·q+3p ·q+q2 = −6−2+3+4 = −1.

a2 = (−2p+ q) · (−2p+ q) = (−2p+ q)2 = 4p2−4p · q+ q2 = 4−4+4 = 4.

b
2
= (3p+ q) · (3p+ q) = (3p+ q) = 9p2 + 6pq + q2 = 9 + 6 + 4 = 19.

|a| =
√
a2 = 2, |b| =

√
b
2
=

√
19.

È íàêîíåö, íàõîäèì êîñèíóñ èñêîìîãî óãëà

cos(φ) =
a · b
|a||b|

= − 1

2
√
19

, ⇒ φ = arccos(− 1

2
√
19

).
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Äëÿ âû÷èñëåíèÿ ïëîùàäè ïàðàëëåëîãðàììà, ïîñòðîåííîãî íà âåê-
òîðàõ a è b, èñïîëüçóåì ôîðìóëó S = ab sinφ.

sin(φ) =
√

1− cos2(φ) =

√
1− 1

76
=

√
75

76
=

5
√
3

2
√
19

.

S = |a||b| sin(φ) = 2
√
19 · 5 ·

√
3

2
√
19

= 5
√
3.

Ïëîùàäü ïàðàëëåëîãðàììà S, ïîñòðîåííîãî íà âåêòîðàõ a è b,
ìîæíî íàéòè èñïîëüçóÿ îïðåäåëåíèå âåêòîðíîãî ïðîèçâåäåíèÿ.

c = a× b = (−2p+ q)× (3p+ q) = −6p× p− 2p× q + 3q × p+ q × q =
= 0 + q × p+ 0 = q × p.

Òîãäà
S = |c| = |q||p| sinπ/3 = 2 ·

√
3/2 = 5

√
3.

Îòâåò: φ = arccos(− 1

2
√
19

); S = 5
√
3.


